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1. Phys. A: Math, Gen. 24 (1991) 963-969, Printed in the UK

The coupled HD hierarchy and a classical integrable system of
the complex form

Zhang Baocai and Gu Zhugan
Shijiazhuang Railway Institute, Peaple’s Republic of China

Received 1 May 1990

Abstract. In this paper, the coupled Harry Dym (HD)} equations are discussed by means
of the complex form of the real involutive system. Using the nonlinearization of Lax pairs
of the coupled HD equation, a finite-dimensional completely integrable system in the
Liouville sense is obtained. By making use of the solutions of commutative flows, the
representation of the solutions for the hierarchy of the HD equation are generated.

1. Intreduction

The Liouville- Arnold theory [ 1] of the finite-dimensional completely integrable system
is beautiful. The relation between the soliton system and the finite-dimensional com-
pletely integrable system has been an important topic [2]. Flaschka [3] pointed out
an important principle in producing finite-dimensional integrable systems by constrain-
ing the infinite-dimensional integrable systems on a finite-dimensional invariant mani-
fold. However, it is not easy to realize. Not long ago Cao Cewen developed a systematic
approach [4] to get a finite-dimensional integrable system by the nonlinearization of
a Lax pair of soliton equation under certain constraints between potentials and
eigenfunctions. But the result of the complete integrability on the complex space is
not known. Recently a systematic approach has been given by Gu Zhugan [5]. The
complete integrability of the complex involutive system is proved by means of this
approach, and using the nonlinearization [6] of Lax pairs of the soliton equations,
many completely integrable systems of the complex form have been obtained. In the
present paper, on the real space R*", the suitable symplectic construction, Poisson
bracket and Hamiltonian canonical equation are introduced, therefore the symplectic
construction, Poisson bracket and Hamiltonian canonical equation are all written in
the complex form. By making use of the nonlinearization of Lax pairs of the coupled
Harry Dym (HD) equation [7], a finite-dimensional completely integrable system of
the complex form is given. Furthermore, the representation of solutions of the coupled
Hp heirarchy is generated by using commutable flows of the finite-dimensional
completely integrable system.

2. Symplectic construction [1]

In order to generate the finite-dimensional completely integrable Hamiltonian system
of the complex form, we consider the symplectic construction of the basic coordinate
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functions P, Py,..., Pyn, @y, Qa,..., Qon in R*M as follows:

2N
w=Y dP,AdQ, (2.1)
i=1

Therefore the Poisson bracket of two Hamiltonian functions H, F on the symplectic
space (R*"Y, w =37", dP, A dQ;) is defined as
INQH 9F 9H oF
(HF)= L — ————. (2.2)
j=19Q; 3B P 3Q,
H, F is called an involution if (H, F)=0.
The Hamiltonian canonical equation of the Hamiltonian function H on (R*M,
=3 dP rdQ,) is defined as
aH aH

E,=(P,~,H)=—a—Q Q,-,=(Q,-,H)=-§ j=1,2,...,2N (2.3)

Theorem 2.1. Let

. 1 i
1=+v-1 Pj:ﬁ(‘Pu*‘Pﬁ) PN+1=5(‘P2;"<PZ')

1 .
QJ=5(¢2J+¢’25) QN+j=%(¢lj_¢Tj)

(‘+’ denotes complex conjugate), j =1, 2, ..., N. Then the symplectic construction (2.1},
Poisson bracket (2.2) and Hamiltonian canonical equation (2.3} are written equivalent
as follows in complex form:

2N N
Y dPadQi= ¥ dojadeytdeliaded; (2.4)
i=t i=1
N gH oF &H 8F oH 9F 9H 9F
(H,F)=§ S 2T 25 0 00 O O (25)
J=10@2; 0@y d; 3@y Iy dpy; Ay Sy
aH aH
(P'.ja=(€%',H)=_ ﬁpfjf:(ﬁoﬁ', H)=- %
ey 993
(2.6}
oH oH
¢2jl=(‘P2jsH)=£; e = (%, H)=£:5-
Proof. Since
1 . w1 .
€°1j=:/'_§(Pj_10N+j) ¢1,;=ﬁ(ﬂ+10~+;)
1 . 1 .
¢2j=_'\/"5-(oj_lPN+j) ‘P2j2\7-§(0j+lPN+j)-

From (2.1), (2.2) and (2:3), by direct computing, (2.4), (2.5) and (2.6) are obtained. Set
q)=((b1;-":cI)ZN)T:(‘P]l,--‘s‘PIN: et -,‘PfN)T

2.7)
\I'l:(\p],u-,\Pzw)T=(szl,---a¢2Ns Ro’zkla---,ﬁp;kN)T
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then {2.6), (2.4) and (2.5) are written equally in the complex form as follows:

2N 2N
w=Y dP,AdQ= ¥ d¥;ad¥, (2.8)
i=1

i=1

N aH aF 8H aF
W oH OF oH oF 2.9
(H.F)= L 5% 50 20, 0% -

oH oH

@, = (D, H)*——— Y, =¥, H)=

= . 2.10

In consideration of the real forms (2.1}, (2.2} and (2.3), which are equivalent
respectively to the complex forms (2.8}, (2.9) and (2.10) (or (2.4), (2.5) and (2.6)), we
compute using the complex forms as follows.

We define

fLa)=1¥ fg (2.11)
J=1
where f= (flafZ?‘--:f;r)Ts g=(g1=32,- . ';gn)T-
Let 2N complex A, A5, ..., An, A%, ..., A% be different,

Dzdiag(Ala"‘sAN; ’\N+l)“'s/\2N)

where
Ansj=Af, 1j= N

Lemma 2.1. Define

By

Z — Bkj=¢’kq'rj‘—¢’j\pk
I=E VDY
then:
(i) (Gi, G)=0 Yk j=1,...,2N.
(ii) (@, @), G) = (@, ¥), G) = (¥, 1), G,) =0.
. B, o, @ . B, ¥ ¥,
(iii) (G, @) =4 ——— "’ <D (G, W] =42
)‘,' )tk_'/\’,
(iv) (Gy, B, %)= W+ D0,
Proof. From (2.9) by direct calculation (or see [8]). Ol

Theorem 2.2, E,, E,, ..., E;n defined as follows compose an involutive system (i.e.
(Ex, E)=0; k, j=1,2,...,2N):

E, =}V, ¥)®} —(®, V), ¥, + Kb, )} - Y DD, &))" 2, D}
+ Y D@, &y DD, D)Pi -G (2.12)

Proof. The theorem is proved by lemma 2.1 via direct calculation. O
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Theorem 2.3.

(i) The real Hamiltonian function H,, defined as follows is in involution in pairs:
(H,, H)=0,nk=0,1,2,....

(ii) The Hamiltonian system (2.10) corresponding to H,, is a completely integrable
system in the Liouville sense:

H,, =¥ Do, &)X D*®, OXD™"'®, &) — K Dd, B)"{D"*d, ®)—(®, Y D™D, ¥)
+HW, WD, ®)+ 1D, WHD, D)

(D'®, &) (D', )

. 2.13
ek B [(D*D, W) (DM, W) (2.13)

[SIEH

Proof. From (2.7) and (2.11), so that, H,, = H%, i.e. H, is a real function. On the
other hand, using the generating function method {8,9] we can prove the H,, =
=72 A7 E;. The involutivitiy of E, implies the involutivity of H,,. From (H,, H,) =0,
(ii) holds. 0

3. The coupled HD hierarchy and nonlinearization of the Lax pairs
Now we consider the coupled HD spectral problem [7]

Yax = (@ — At =A%)y (3.1)
where A is a complex parameter, o is a real constant, and u and v are real potential

functions.

We define Lenard’s sequence {G,,, m=—1,0,1,...} using the following recursion
relation:

kG;., = JG, G =(b;, be))” G, =(0,v73)7 Jj=0,12... (32
where
K= 0 %a’—zaa) J_(%a3—2aa 0 )
"\l —2a8 wudtau 0 —(va+av)
(3.3)
a=i 3 'a=a""=1.
dx

From (3.2), b; (j=0,1,...) are polynomials of (i, u,,...) and {3, v,,...). If the
constant term of G; (j=0, 1,2} takes zero, G; is determined uniquely; in this case
X, =JG,,., is called the mth-order coupled HD vector field, (u, v)] = X,, is called
the mth-order coupled HD equation, and {(, v):f, =X,, m=0,1,2,...} is called the
coupled HD hierarchy.

Theorem 3.1. The mth-order coupled HD equation

(us 1-")17:"=Xrn__ﬂ"r(}m—l (3'4)
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is the compatible condition for the Lax equation

Vox = (@ = Au—A%)y 3.1
Y. = Y (_%bj—ulm_“]}""bjgll\m_ﬁ—l)’x) (3.5)
=0

in the case of A, =0, y.,, =y, ..

Proof According to (3.2) and A, =0, y.._ =¥, . and by direct calculation we have
(3.4). O

Example. The first-order coupled HD equation
S 1 1 1 1
wAH) 2R, ) (),
has the Lax representation

1 1
Vex ={@ —Au—A%0)y y,,=—§(—~) Ay+—= Ay
VU X \/E

The second-order coupled HD equation

o] ()]
i) () ) ()]

has the Lax representation (G,=(v""2, —lup™>%)7T)

Vee = (@ —Au— A1)y

G T ),
yr;_4\/5uxy‘/;yx2_\/;xy2uﬁ V.

Lemma 3.1. Let y; and A; satisfy (3.1),

ijx=(a—)\ju—kf-v)yj ji=1,2,...N
then
2 z *2 *2
Yy ¥ Yi Yy
i) M ATVEL T T

Proof. Obzervations on the definition of K, J and (3.1) and (3.6) are obtained through
direct calculation.

From consideration of lemma 3.1 we let &;=y;,..., &, =y}, W=,
Yaei=yE,j=1,2,..., N Then (3.1) and its conjugate form can be written as follows:

b, =T ¥, =(a—Du— D*u)d, (3.7
Let
v=(D®, &)? u=-2(D°®, O} DD, d)*
_{(D®, D)

(e ((thb, <I>>)‘ e
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From lemma 3.1, we have

Dj-rqu’ (I))
GJ=(§DJ+2¢ @)) (39)

Since G, = (b;, b;,,)”, so that by={D’*'®, &) and b; = b}, the time part (3.5) of the
Lax pair and its conjugate form of the mth-order coupled HD equation {3.4) is therefore
written as

®, =5 (=35, DI+ b, DI, (3.10)

Under the condition (3.8}, system (3.7) is nonlinear as follows from the Hamiltonian
canonical equation

x

JGH, oH
av b
where H = —X¥, ¥)—XD®, ®)"%D*®, d)+1a(P, ).

Under condition (3.8), the system (3.10) is nonlinear as follows from the Hamil-
tonian canonical equation

{3.11)

o, _ Hn g oM
m av¥ " adb
where H,, is defined by (2.13):
G mn) wGeomn)
ad \ad,” T ad,n o \a¥,” oW,/

Theorem 3.2. The Hamiltonian system (3.11) (R*Y, 22X dP,ndQ, H) is completely
integrable in the Liouville sense.

Proof. From theorem 2.2, through calculation, we have (E,, H}=0,sothat(H,,, H) =0,
m=1,2,...,2N. As H=H*, H,=H% then (3.1) (R*", 3}, dP,2dQ;, H) is com-
pletely integrable in the Liouville sense.

4. The representation of solutions of the coupled HD equation
Consider the canonical system of the H,,-flow:

aH, aH,
H.): b, =-—= =,
( ) Im a\P Im aq)

If the solution operator of its initial value problem is denoted by g::,"m, then its solution
can be expressed as

(vt - (3:)
w(r,)) ~E\w )
The canonical system of the H-flow is as follows:

oH aH

(H) (I)x=_a—1p_ x=aq)-
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If the solution operator of its initial value problem is denoted by g};, then its solution
can be expressed as

()52
v(x)) " EM\w, /)
Since H,, H are in involution, (H,,, H)=0, we have (see [1]):

Proposition 4.1.
(i) The two canonical systems (H,,), (H) are compatible.
(1)) The Hamiltonian phase fiow g}, and g7 commute.

Define

&(x, Im)) x ! ((Do)

(‘m‘.fv D =gHgHm AIr 7 (41)
AT A tml/s A 31 V)

The commutativity of {g7,, g;";m} implies that it is a smooth function of (x, t,),
which is called the involutive solution of the consistent systems of equation (H), (H,,).

Theorem 4.1, Let (®{x, t,), ¥(x, t,}1)7 be an involutive solution of the consistent
system (H), (H,,), (u,v)7 and (®(x, 1,.), W(x, t,,))7 satisfy (3.8), then:

(i) the flow equations (H), (H,,) reduce to the spatial part {contains the conjugate
part) and time part {contains the conjugate part) respectively of the Lax pair for the
mth-order coupled HD equation with (u, ¢} as their potential,

&, =(a—Du—D?*v)d (4.2)

—
=
i3
—

LD G+ b DM
- '_}_l_ -7

i—1xt

(ii} (u, v)7 satisfies the mth-order coupled HD equation

(”) =JG,_,.
v im
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